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Abstract 
 
Small repeating earthquakes have been found in California, Japan, and Taiwan and their 
observations have been used to study various aspects of earthquake physics and mechanics. In 
part, they are used for inferring the creeping rates of the surrounding fault segments.  Because of 
their short recurrence times and known locations, small repeating earthquakes present a rare 
predictable opportunity for detailed observation and study, and that has been exploited in the San 
Andreas Fault Observatory at Depth (SAFOD) drilling project.  It is important to establish 
realistic models for their occurrence, to provide a framework for proper interpretation of SAFOD 
data and other studies. Before SAFOD, the most intriguing observation about repeating 
earthquakes had been the scaling of their repeat time T and seismic moment 0M  as 0.17

0~T M . 
The scaling is abnormal compared to other earthquakes that have 1/ 3

0~T M , the typical scaling 
that results from a simple conceptual model.  Several explanations for the discrepancy in scaling 
have been proposed, each of them containing assumptions the validity of which is either unclear 
or disputed. 

Our studies supported by USGS have shown that a model based on laboratory-derived 
rate and state friction laws reproduces the observed abnormal scaling.  The resulting repeating 
earthquakes have typical stress drops. In our 3D model, a small patch with rate-weakening 
friction is surrounded by a much larger region with rate-strengthening friction.   For a set of 
realistic parameters, we can reproduce the observed scaling simply by varying the size of the 
rate-weakening patch.  Our simulations use 3D numerical methodology that fully resolves all 
aspects of seismic and aseismic behavior of the fault, including slow tectonic loading, inertial 
effects during seismic slip, and accelerating and decelerating aseismic slip.  We have further 
developed the numerical methodology as part of this project.  In simulations, much of slip in the 
patch is accumulated aseismically, even though the patch also produces seismic events.  From a 
more general point of view, the studies have advanced our understanding of the partition of slip 
into seismic and aseismic parts and their interaction.  These results and the developed 
methodology can be applied to other cases of interaction between seismic and aseismic slip, such 
as aseismic slip transients and associated low-frequency seismic tremor.    
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Small repeating earthquakes, their abnormal scaling, relevance to SAFOD project 
 
Small repeating earthquakes have been found in California, Japan, and Taiwan and their 
observations have been used to study various aspects of earthquake physics and mechanics (e.g., 
Ellsworth and Dietz, 1990; Vidale et al., 1994; Marone et al., 1995; Nadeau and Johnson, 1998; 
Beeler et al., 2001; Sammis and Rice, 2001; Igarashi et al., 2003; Chen and Rau, 2003; Imanishi 
et al., 2004; Nadeau et al., 2004).  Because of their short recurrence times and known location, 
small repeating earthquakes present a rare predictable opportunity for detailed observation and 
study, and that has been exploited in San Andreas Fault Observatory at Depth (SAFOD) drilling 
project (e.g., Imanishi et al., 2004).  
 Before the detailed SAFOD data, the most intriguing observation about repeating 
earthquakes had been the scaling of their repeat time T with their seismic moment 0M  as 

0.17
0~T M  (Nadeau and Johnson, 1998). This scaling is abnormal compared to other earthquakes 

that have 1/ 3
0~T M , the typical scaling that results from a simple conceptual model in which 

earthquakes are treated as circular ruptures with stress drop independent of the seismic moment 
and slip that is proportional to the repeat time.  Several explanations for the discrepancy in 
scaling have been proposed, including dependence of stress drop on seismic moment, with much 
higher stress drops for small events (Nadeau and Johnson, 1998), and occurrence of repeating 
earthquakes at a border between large locked and creeping patches (Sammis and Rice, 2001).  
However, there is no evidence for a large locked asperity and recent studies based on SAFOD 
data indicate that stress drops for repeating earthquakes fall into the typical range.  Beeler et al. 
(2001) considered the model of a fixed-area patch governed by a conceptual law that 
incorporated strain-hardening.  They showed that aseismic slip on the patch can explain the 
observed scaling relation.  However, the work pointed out that there was no experimental 
evidence for the strain-hardening law used in the model.  
 SAFOD is a unique facility for studying the earthquake source.  Since its targets are small 
repeating earthquakes, it is very important to establish realistic models for their occurrence, to 
provide a framework for proper interpretation of SAFOD data.  SAFOD location ensures that 
seismic, pore-pressure, tilt, and temperature data will be captured in unprecedented proximity for 
several repeating earthquakes and processes before and after them. Proximity is an important 
advantage of SAFOD, as it not only allows to capture variations that may not be observable at a 
greater distance but also significantly improves the ability to separate the signal into path effects 
and source contributions.  Following the completion of the Phase 3 core drilling, the multi-
parameter long-term monitoring system will be installed within the fault core and damage zone 
of the San Andreas Fault at the location of a repeating microearthquake (M 1.8–2.0).  This 
provides a unique opportunity for comparison with detailed physics-based simulations that have 
been developed in this project. 
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Model of small repeating earthquakes based on rate and state friction 
 
Our model for the occurrence of small repeating earthquakes is shown in Figure 1.  We consider 
a creeping segment of a planar strike-slip fault imbedded into an elastic medium.  Zooming in on 
the location of a repeating earthquake, we construct a model consisting of a small circular 
seismogenic patch surrounded by a much larger creeping fault zone.  Outside of the creeping 
zone, we impose sliding with the tectonic loading rate plV , to represent the effect of the 
surrounding steadily creeping segment.   
 The seismogenic and creeping parts of the fault are modeled by laboratory-derived rate 
and state friction laws which model variations of frictional shear strength fτ  due to its 
dependence on the effective normal stress σ , slip rate V (which we also call slip velocity), and 
evolving properties (state) of the contact population represented by the state variable θ  (e.g., 
Dieterich, 1979, 1981; Ruina, 1983).  The state of the contact population depends on slip rate V 
but, for slip-rate changes, evolves with slip δ  and hence reflects the intrinsically mixed rate-
dependent and slip-dependent aspects of friction.  The rate and state features can be thought of 
as, usually, small variations (of the order of 1-10%) from the baseline frictional strength given by 

ofσ .  Despite being small, these variations are fundamentally important for physically and 
mathematically meaningful stability properties of frictional sliding, as can be shown through 

Figure 1.  The schematics of our model for small repeating earthquakes.  Left panel: a 
vertical strike-slip fault governed by rate and state friction is embedded into an elastic 
medium.  Right panel: We consider a creeping segment of the fault, governed by 
velocity-strengthening (also called rate-strengthening) friction, which contains a small 
potentially seismogenic patch, governed by velocity-weakening friction.  Outside of the 
simulated creeping zone, we impose steady sliding with the loading rate plV , to represent 
the effect of the surrounding steadily creeping segment.  We choose the size of the 
creeping (yellow) zone large enough so that the behavior of the velocity-weakening 
patch does not depend on the size of the creeping zone. 
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linearized analysis of elastodynamic stability of frictional sliding to a Fourier mode perturbation 
for a general class of rate and state friction laws (e.g., Rice, Lapusta, and Ranjith, 2001). In our 
studies of small repeating earthquakes, we have used the standard Dieterich-Ruina rate and state 
friction formulation: 
 

( )[ ln( / ) ln( / )],   1f o o o
Vf p f a V V b V L

t L
θ θτ σ σ θ ∂

= = − + + = −
∂

,                        (1) 

 
where σ  is the normal traction, p is the pore pressure (which could be evolving but is fixed in 
the current version of the model), of , oV , a, b, and L are parameters of the standard rate and state 
friction, with L being the characteristic slip for state variable evolution.   
 Based on the encouraging results of this project, we plan, in the future, to explore the 
model response with other rate and state friction formulations, as well as with rate and state 
friction combined with dynamic weakening effects, such as flash heating. 
 
 
Numerical simulations that resolve both seismic and aseismic slip 
 
 To solve for spontaneous long-term slip history in this model, we have further developed 
(Lapusta and Liu, 2009) the 3D simulation methodology which is the extension of the 2D 
methodology of Lapusta et al. (2000).  The methodology incorporates laboratory-derived rate 
and state friction laws, slow tectonic-type loading, and all dynamic effects of self-driven 
dynamic rupture.  Such modeling is very challenging, especially in 3D, because of the variety of 
temporal scales involved.  Slow loading requires years in simulated time.  At the same time, 
rapid changes in stress and slip rate at the propagating dynamic rupture tips occur over times of 
order a small fraction of a second.  The algorithm combines these scales and allows to treat 
accurately long deformation histories and to calculate, for each earthquake episode, initially 
quasi-static accelerating slip (nucleation process), the following dynamic rupture break-out and 
propagation, postseismic response, and ongoing slippage throughout the loading period in 
creeping fault region.   
 Our 3D methodology fully resolves all stages of earthquake cycle and transitions between 
them, while approaches used by other researchers to model long-term slip histories have to 
compromise on some of these stages.  They either treat the dynamic rupture propagation in a 
simplified way (e.g., 3D studies of Rice and Ben-Zion, 1996), or neglect all aseismic slippage 
(e.g., Cochard and Madariaga, 1996), or make the tectonic loading orders of magnitude faster 
(Shaw and Rice, 2000), or switch abruptly between quasi-static and dynamic methods, 
potentially disrupting nucleation processes (e.g., Shibazaki and Matsu’ura, 1992).  Our solution 
methodology is based on a boundary integral spectral formulation and incorporates two main 
ideas: variable time stepping and justifiable truncation of dynamic response.  The boundary-
integral relations we use (Perrin et al., 1995; Geubelle and Rice, 1995) incorporate all 
elastodynamic interactions and involve the dependence of shear stress on current slip as well as 
relevant slip velocity history.  There are no kinematic assumptions in this model other than the 
steady slip of the fault far from the location of the repeating earthquake. 
 To extend the methodology to 3D, we have proposed a numerical resolution criterion that 
combines findings for long-term histories and dynamic rupture, developed a new frequency-
dependent truncation procedure, determined the values of numerical parameters that lead to 
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results independent of numerical procedures in three dimensions, and developed a parallel 
implementation of the 3-D code (Lapusta and Liu, 2008).  Substantial part of this development 
has occurred as a part of this project. 
 
 
Model response and slip partitioning into seismic and aseismic parts 
 
In numerical simulations, our model produces repeating earthquakes embedded within a creeping 
region.  As predicted by stability studies of sliding on rate and state faults (e.g., Rice, Lapusta, 
Ranjith, 2001), the rate-strengthening (also called velocity-strengthening) part of the fault 
accumulates slip through stable sliding, with slip velocities approaching the imposed loading rate 
farther from the patch. The rate-weakening patch, if small enough, smaller than theoretical 
estimates of nucleation sizes, also accumulates slip through stable, but slightly accelerating and 
decelerating, sliding. Larger rate-weakening patches produce repeating earthquakes.   
 A simulation example with repeating earthquakes is shown in Figure 2. Repeat time T is 
straightforward to get from the simulations.  For each event, we compute the seismic moment 

0M  as the moment released when the maximum slip velocity on the fault is larger than 1 cm/s.  
Figure 2 clearly shows that the seismic moment is a small fraction of the total moment released 
on the patch.  Much of slip on the patch is released through pre- and post-seismic creep (or 
aseismic slip).   
 Figure 3 demonstrates one earthquake cycle using the first event as an example.  At the 
beginning of the simulation, the whole velocity-weakening (and potentially seismogenic) patch is 
locked. As the imposed creep far from the patch continues, the locked area shrinks due to 
penetration of creep from the velocity-strengthening zone surrounding the patch.  Eventually, 
fast (seismic) slip occurs. Postseismic slip continues on the patch for a while. Finally, the patch 
becomes locked again (not shown), and the earthquake cycle repeats.  
 
 
The ability of the model to match the observed abnormal scaling of repeating earthquakes 
with typical stress drops 
 
 To obtain repeating earthquakes of different sizes, we change the size of the velocity-
weakening patch, keeping all other parameters the same.  The resulting scaling relationship 
between the repeat time T and the seismic moment 0M  reproduces the observed abnormal 
scaling as shown in Figure 4a.  Green dots show our results for the applied loading rate plV  of 23 
mm/yr, used by Nadeau and Johnson (1998).  
 The best fit of the simulated results indicates a scaling relationship 0.21

0~T M , very similar 
to the observed 0.17

0~T M . However, this value of loading rate results in lower repeat times than 
the observed ones (the line fit to observations is given by the top line).  If we use the applied 
loading rate of 4.5 mm/yr, which is within the range of 4 to 35 mm/yr suggested by Harris and 
Segall (1987) for the portion of the San Andreas fault with repeating earthquakes, then our model 
can reproduce both the scaling and the absolute values of the observed repeat times, as shown by 
blue triangles.  
 It is important to point out that the extent of seismic slip, indicated by the red color in 
Figure 3, is actually a small fraction of the assumed velocity-weakening patch.  This is because  
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Figure 2.  A simulation example that results in repeating earthquakes.  We use the 
following parameters in this simulation: 23plV =  mm/yr, 160L =  microns, 0.6of = , 

610oV −=  m/s; patch radius 124r =  m,  0.014a =  and 0.019b =  in the patch, 0.019a =  
and 0.014b =  in the velocity-strengthening zone.  Column 1, top panel: Maximum slip 
velocity on the fault (on the logarithmic scale) is plotted as a function of time in years.  
Vertical lines correspond to dynamic events.  After an initial phase determined by initial 
conditions, the model produces periodic repeating earthquakes.  Slip velocity during 
dynamic events reaches values close to 1 m/s.  In the interseismic period, maximum slip 
velocity is close to the loading (plate) rate.  Column 1, bottom panel:  The moment released 
on the velocity-weakening patch around the time of one of the repeating earthquakes.  This 
is the fourth event simulated in the model.  On this scale of years, the moment release looks 
abrupt.  However, as we zoom in and plot moment release on the scale of 10,000 seconds 
(column 2, top panel), we see that what looked like seismic moment release actually occurs 
over the time of 10,000 seconds or so.  The bottom panel in column 2 plots maximum slip 
velocity over the fault in the same time period and confirms that, during much of the 
moment release, slip velocity is close to 10-6 m/s which is 1 micron/s, definitely not a 
seismic value.  Column 3 shows the corresponding plots for the time scale of order 0.1 
seconds; note the significant change in scale for the moment in top panel and slip velocity 
in the bottom panel.  The bottom panel of column 1 indicates that about 1013 N-m of 
moment is released close to the time of the repeating earthquake, while the top panel of 
column 3 indicates that only about 2 x 1011 N-m of that moment is released seismically.  
This makes the seismic moment released on the velocity-weakening patch about 50 times 
smaller than the aseismic moment. 
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the edges of the velocity-weakening patch experience stress concentrations due to aseismic creep 
in the surrponding zone, and hence creep a lot themselves, leaving no room for seismic slip to 
occur there.   This means that the sizes of repeating earthquakes inferred based on seismic data 
may be much smaller than the underlying velocity-weakening patches that cause them. 
 We can also estimate the (static) stress drop for repeating earthquakes by subtracting 
shear stress after an event from shear stress before the event. Stress drop over a cross-section 
centered on the patch, and along the x-direction, is shown in Figure 4b. Note that stress drop is 
concentrated in a small area compared to the size of the patch, consistently with the extent of 
seismic slip.  The peak stress drop is of the order of 10 MPa, and the average stress drop over the 
area of stress change is of the order of 1 MPa for the events we simulated. Hence the values of  
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Figure 3.  Snapshots of the slip velocity distribution over the simulated fault segment (800 m x 
800 m) for the first event of the simulation example of Figure 2.  Slip velocity is color-coded on 
the logarithmic scale.  The seismic range of slip velocities (or rates) is indicated by red colors, 
slip velocities close to the loading rate are indicated by green colors, and creep with slip 
velocities faster than the plate rate is indicated by transitional yellow and orange colors.  The 
location of the patch is outlined by a circle.  The snapshot time is given above each panel.  Row 
1, left panel: At the beginning of the simulation, the patch is locked (with rates much lower than 
the loading rate) and the surrounding creeping zone is close to the loading rate.  Row 1, middle 
panel: In 1.3219 years, the locked region shrinks to the area much smaller than the patch, with the 
edges of the locked region creeping because of stress concentrations there.  Row 1, right panel:  
This snapshot is about two days later and shows that the previously locked patch experiences 
aseismic slip.  That can be called the nucleation process, as 13 seconds later slip velocities reach 
seismic values (row 2, left panel).  Note that the extent of high slip velocities is much smaller 
than the size of the patch.  Row 2, middle panel:  This snapshot is 100 seconds after the seismic 
event and shows postseismic creep over a significant part of the patch.  The postseismic creep 
migrates outwards, as the next snapshot, taken several hours later, shows (row 2, left panel). 
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stress drops our model predicts are within the range of typical seismic estimates (e.g., 
Abercrombie, 1995).  Such typical stress drops are also consistent with seismic inversions of 
repeating earthquakes based on seismic data from SAFOD (Imanishi et al., 2004). 

15 16 17 18 19 20 21 22
4

5

6

7

8

9

log(M ) dyne-cm

lo
g(

T
) 

se
c

 

 

V
pl

= 4.5 mm/yr

V
pl

= 23 mm/yr

observed line

theoretical line 

)( 17.0

0MT ∝

)( 21.0

0MT ∝

1/3

0( )T M∝

M0 M1 M2

0

-200 -100 0 100 200
-5

0

5

10

15

20

cross section (m)

st
re

ss
 d

ro
p 

(M
P

a)

r = 124 m

S

x

z

x

z

r

simulated

best-fit line

a b

Figure 4.  Left panel:  Scaling of the repeat (or recurrence) time T with the seismic moment 0M .  
The top line indicates the best fit to observations of repeating earthquakes at Parkfield as given by 
Nadeau and Johnson (1998).  The middle (blue) line shows the best fit to results of our 
simulations, which are indicated by green dots.  These simulations are done with the same 
parameters as given in the caption to Figure 2, in particular, with the loading rate of 23plV =  
mm/yr.  Different seismic moments of repeating earthquakes are obtained by varying the radius 
of the velocity-weakening patch.  Note that the slope of the scaling is matched very well, but the 
repeat times are shorter in our simulations than in the observations.  If we use the applied loading 
rate of 4.5 mm/yr, which is within the range of 4 to 35 mm/yr suggested by Harris and Segall 
(1987) for the portion of the San Andreas fault with repeating earthquakes, then our model can 
reproduce both the scaling and the absolute values of the observed repeat times, as shown by blue 
triangles which are located around the line fit to observations (top line).  Note that repeat times 
can also be changed in our models by changing friction properties, and this is one of the findings 
of our study.  The bottom (yellow) line shows the theoretical scaling that matches regular 
earthquakes.  That scaling has a wrong slope and severely underestimates the repeat times. 

Right panel:  Static stress drop along the line passing through the middle of the velocity-
weakening patch as indicated on the insert.  The stress drop is computed by subtracting shear 
stress at each spatial cell before and after the earthquake.  We see that a significant stress change 
occurs only within the patch of 10-20 meters, while the diameter of the patch is 2 x 124 = 248 
meters.  The stress drop is variable in space, with the edges of the sliding zone showing a 
negative stress drop, which means that shear stress is actually increased there.  This increased 
shear stress causes significant postseismic slip which, in turn, creates stress concentration in front 
of itself and hence migrates to the edges of the patch and into the velocity-strengthening zone.  
Note that the average stress drop over the region of stress change is in the range of 1-10 MPa, 
which is the typically observed range.  
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